On decay and blow-up of solutions for a singular nonlocal 
viscoelastic problem with a nonlinear source term 

Wenjun Liu, Yun Sun and Gang Li 

College of Mathematics and Statistics, Nanjing University of Information Science and Technology, 

Nanjing 210044, China. 

"on 

Abstract: In this paper we consider a singular nonlocal viscoelastic problem with 

O ' 

{Sj ■ a nonlinear source term and a possible damping term. We proved that if the initial 

a' 



oo 



data enter into the stable set, the solution exists globally and decays to zero with 
a more general rate, and if the initial data enter into the unstable set, the solution 
with non-positive initial energy as well as positive initial energy blows up in finite 
time. These are achieved by using the potential well theory, the modified convexity 
method and the perturbed energy method. 
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1 Introduction 

> ' 

■^■j- ■ In this paper, we investigate the following one-dimensional viscoelastic problem with a nonlocal 



rn 
O 



boundary condition 

1 /"* 1 

u tt (xu x ) x + / g(t - s)-(xu x (x,s)) x ds + au t = \u\ p ~ 2 u, x G (0,£),t € (0, oo), 

x Jo x 

u(£,t) = 0, xu(x,t)dx = te[0,oo), ( L1 ) 

Jo 

u(x, 0) = uo(x), ut(x, 0) = ui(x), x E [0,£], 



where a>0, £<oo, p>2 and g : R + ->• R+. 

This type of evolution problems, with nonlocal constraints, are generally encountered in 
heart transmission theory, thermoelasticity, chemical engineering, underground water flow, 
and plasma physics. The nonlocal boundary conditions arise mainly when the data on the 
boundary can not be measured directly, but their average values are known. We can refer to 
the works of Cahlon and Shi 0j, Cannon [5], Choi and Chan [8], Ewing and Lin [9], Ionkin 
|10| . Kamynin [11], Samarskii [27], and Shi and Shilor [28]. The first paper discussed second 
order partial differential equations with nonlocal integral conditions goes back to Cannon [5] . In 
fact, most of the works were about the classical solutions. Later, Mixed problems with classical 
and nonlocal (integral) boundary conditions related to parabolic and hyperbolic equations have 
been extensively established and several results concerning existence and uniqueness have been 
considered by Bouziani [3], Ionkin [10], Kamynin [11], Mesloub [18] . Pulkina 
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In the absence of the viscoelastic term (i.e., g = 0), Mesloub and Bouziani |16] studied the 
following equation 

v tt - ~v x - v xx = f(x,t), xe(0,£), t€(Q,T), 

and obtained the existence and uniqueness of a strong solution. Later, Mesloub and Messaoudi 
|18j solved a three-point boundary-value problem for a hyperbolic equation with a Bessel 
operator and an integral condition based on an energy method. Then in [19] they considered 
a nonlinear one-dimensional hyperbolic problem with a linear damping term and established 
a blow-up result for large initial data and a decay result for small initial data. 

In the presence of the viscoelastic term (i.e., g ^ 0), Mecheri et al. [15] studied the following 
equation 

1 f* 1 

u a [xu x ) x + g(t - s)-(xu x (x,s)) x ds + au t = f(x,t), < x < 1, t > 0, 

x Jq x 

for a > and proved the existence and uniqueness of the strong solution. Then, Mesloub et al. 

|17j considered a nonlinear mixed problem for a viscoelastic equation with a dissipation term 

under a nonlocal boundary condition and obtained the existence and uniqueness of the weak 

solution based on the iteration processes. Later, the global existence, decay and blow-up of 

solutions of problem (jl.ip (when a = 0) were established by Mesloub and Messaoudi in [20J, 

where the authors studied the blow-up result with only negative initial energy. Recently, Wu 

|31j improved [20] by establishing the blow-up result with nonpositive initial energy as well as 

positive initial energy. 

For the case of initial and boundary value problems for linear and nonlinear viscoelastic 
equations with classical conditions, many results have also been extensively studied. Cavalcanti 
et al. [6] studied 



u a - An + / g(t - t)Au(t)<1t + a(x)u t + \u\ m u = 0, (x, t) € X (0, oo), 
Jo 

for a : £7 — > M + , a function, which may be null on a part of the domain Q. Under the conditions 
that a{x) > ao > on w C O, with uj satisfying some geometry restrictions and 

-tig(t) < g'(t) < -65(0, t > 0, 

the authors established an exponential rate of decay. Berrimi and Messaoudi |2j improved 
Cavalcanti's result by introducing a different functional which allowed to weak the conditions 
on both a and g. In particular, the function a{x) can vanish on the whole domain fi and 
consequently the geometry condition has disappeared. In [7], Cavalcanti et al. considered 

u tt -k Au+ I div[a(x)g{t -r)Vn(r)]dr + b(x)h(u t ) + f(u) = 0, 

under similar conditions on the relaxation function g and a(x) + b(x) > p > 0, for all x 6 fi. 
They improved the result of [6] by establishing exponential stability for g decaying exponen- 
tially and h linear and polynomial stability for g decaying polynomially and h nonlinear. In 
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PQ, Berrimi and Messaoudi considered 



u tt -Au+ / g(t - r)Au(r)dT = \u\ p 2 u 
Jo 



in a bounded domain and p > 2. They established a local existence result and showed that, 
under weaker condition g'(t) < £g r (t), the solution is global and decay in a polynomial or 
exponential fashion when the initial data is small enough. Then Messaoudi |23| improved this 
result by establishing a general decay of energy which is similar to the relaxation function under 
weaker condition that g'(t) < £(t)g(t). In regard of nonexistence, Messaoudi |21| considered 



and established a blow up result for solutions with negative energy if p > m and a global 
existence result for p < m. Then Messaoudi [22] improved this result by accommodating 
certain solutions with positive initial energy. Liu |13| obtained the similar blow-up result for 
the viscoelastic problem with strong damping and nonlinear source by using the potential well 
theory and convexity technique. For other related works, we refer the readers to |12t [T^l [25| 
[Ml EH EH E3 [M] and the references therein. 

Inspired by [H [131 [23 [23] , we intend to study the blow-up and decay properties of problem 
(jl.ip in this paper. Our goal is to establish a decay result with a more general rate and a 
blow-up result with non-positive initial energy as well as positive initial energy. The main 
difficulties we encounter here arise from the simultaneous appearance of the singular nonlocal 
viscoelastic term, the possible damping term, as well as the nonlinear source term. We first 
show that if the initial data enter into the unstable set, the source term is enough to obtain 
blow-up result no matter a = or a > 0. This is achieved by using the potential well theory and 
the modified convexity method. We then establish the decay result under the condition that 
g'(t) < —^(t)g r (t), which is more general than that of [U[23], by constructing some functionals 
and using the perturbed energy method. 

The paper is organized as follows. In Section [2] we present some assumptions and known 
results and state the main results. Section [3] is devoted to the proof of the blow-up result. The 
decay result is proved in Sections [H 

2 Preliminaries and main results 

In this section we first introduce some functional spaces and present some assumptions and 
known results which will be used throughout this work. 

Let Lx = Lx(0,£) be the weighted Banach space equipped with the norm 



Uu — An + / g(t — r)An(r)dr + a\u t 
Jo 




m-2 



U t = \U 



W-2 



U 
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In particular, when p = 2, we denote H = L 2 (0,£) to be the weighted Hilbert space of square 
integrable functions having the finite norm 



i 

2 

.2, ' 



\\u\\h = xu dx 

We take V = Vx' (0,£) to be the weighted Hilbert space equipped with the norm 

\\u\\v = {\\u\\h + WuxWh) 1 , 

and 

Vq = {u £ V such that u(£) = 0}. 
For the relaxation function g, we give the following assumptions: 

(Gl) g(t) : R + — > M + is a non-increasing C 2 function such that 

g(0) > 0, 1 - / g(s)ds = I > 0. 
J o 

(G2) There exists a positive differentiable function such that 

g'(t)<-Z(t)g r (t), t>0,l<r<^, (2.1) 
and £(t) satisfies, for some positive constant L, 



r+oo 

< L, < 0, / £(s)ds = +oo, V f > 0. 

J0 



Furthermore, when 1 < r < |, for any fixed to > 0) there exists a positive constant 
C r depending only on r, such that 

-j— < C r , V t > t . (2.2) 



Remark 1 Condition r < | zs made to ensure that g 2 ~ r (s)ds < oo. 

Remark 2I/^(t) = $ =contant, (G2) recaptures that of J3 O |Sy. // r = 1, (G2) 
recaptures that of JH Therefore, (G2) is a generalization of E3, G23 [23 [1^. /n 

particular, when = £ and 1 < r < |, (I2.2D ZioWs naturally. 

Lemma 2.1 (|20|. Poincare-type inequality) For any i? inVo, we have 

xv 2 {x)dx < C p xv 2 (x)dx, 
Jo 

where C p is some positive constant. 
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Lemma 2.2 ([20]) For any v in Vq, 2 < p < 4, we have 

x\v\ p dx < C*\\v x \\2, 
where C* is a constant depending on i and p only. 



o 



We state, without proof, a local existence result for problem (jl.ip . The proof can be easily 
established by adopting the arguments of pQ , [T7] and [19] . 

Theorem 2.3 Suppose that (Gl) holds and 2 < p < 3. Then for any uq in Vq and u\ in 
H , problem (jl.ip has a unique local solution 

ueC(0,T max ;Vo)nC\0,T max ;H) 

for T max > small enough. 

Remark 3 The condition 2 < p < 3 is needed so that the embedding of Vq in L x is Lipschit 
(see [191 Lemma 5.2]). 

Next we introduce the functionals for I(t), J{t) and E(t): 

I(t) := I(u(t)) = (l - J g(s) da) J xu 2 x dx + (g o u x )(t) - J x\u(t)\ p dx, (2.3) 

J(t) := J(u(t)) = \(}~ J 9{s)ds) f xu 2 x dx + ^(g o Ux ){t) f x\u(t)f6x, (2.4) 

1 r e 

E(t) := E(u(t)) = J(t) + - xu 2 dx, (2.5) 

2 Jo 



where ^ ^ 

(gou x )(t)= / xg(t - s)|u a; (x,t) - u x (x,s)| 2 dsdx. 

JO JO 



Remark 4 A multiplication of equation (jl.ip by xut and integration over(0,£) easily yields 

-E'(t) = -(</ ouj.)(t) — / xu x dx -a xu t dx < —a / xu t dx < 0, V i > 0. (2.6) 

2 2 ./i) Jo Jo 



We are now in a position to state our main results. 



Theorem 2.4 Assume that (Gl) /io/(is and 2 < p < 3, let u be the unique local solution to 
problem (jl.ip and denote d\ = (^7?) P 2 ' aU ^ fi xe ^ ^ < 1> assume that uq, u\ satisfy 

E(0) < 8d 1} 1(0) < 0. (2.7) 



Suppose that 



n — 2 

g(s)ds < — (2.f 

~p-2 + l/[(l-<5) 2 p + 2£(l-£)] 



where 5 = max{0, 5}. Then the solution of problem (jl.ip blows up in a finite time T* in the 
sense that 

lim \\u\\% = +oo. 
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Theorem 2.5 Assume that (Gl) holds and 2 < p < 3, let u be the unique local solution to 
problem (jl.ip . In addition, assume that uq, u\ satisfy 



E(0) < d u 1(0) > 0. (2.9) 
Then the solution u is global and satisfies 

l! xu ' d ^wh mi W^Y) E ^ V4>a (2 ' 10 > 

Theorem 2.6 Under the assumptions of theorem \2.5l suppose further that (G2) holds. 
Then for each to > 0, there exist positive constants K and k such that 



E(t) < < 



Ke Jt o sw , r = 1, 



x-^r q (2-11) 



K ( 1 + / £(s)ds j r ~\ Kr< 3 2 



Remark 5 Note that when 1 < r < |, we obtain more general type of decays. If we choose 
= £, (|2.1ip gives the polynomial rate decay as E(t) < K(l + i)~~, which coincides with 
the results of JH (23 // we c/ioose = (1 + i)~ m /or < m < 3 - 2r < 1 ( which satisfies 
(12. 2jl ) . toe /iave g(i) < n^}g wi/i g = and (I2.1ip also gives the polynomial rate of decay as 
E(t) < jpj^q- In particular, if we choose = ^^Xr + j^i, which satisfies (G2), then we 
have g(t) < — j— and a new type of decay as E(t) < — ]— 

[(t+l) 2 ('- 1 )+ln(t+l)-l]^ T ' [(t+l) 2 ( r - 1 )+ln(t+l)-l]' : = T 

is established. 

3 Blow-up of solutions 

In this section, we prove a finite time blow-up result for initial data in the unstable set. 
For t > 0, we define 

d(t) = inf sup J(Xu) 

«eVo\{o} A >o 

and 

M= {u € V \{0} : J(u(i))=0}. (3.1) 
Then we can prove the following lemma. 

Lemma 3.1 For t > 0, we have 

< di < d(t) < d 2 (u) = sup J(\u) 

A>0 



and 



d(t) = inf J(u). (3.2) 
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Proof. Obviously, 



Since 



We get 



J(Xu) = — 



d(t) < d,2(u) = sup J(\u). 
A>o 



1- / 5f(s)ds / xuldx + (g o u x ){t) 



dA 



J{\u) = A 



Let 



1- / #(s)ds / xu 2 x dx + (g o u x )(t) 



J{\u) = 0, 



\p ft 

— / x\u\ p dx. 
P Jo 

\ p - 1 / x\u\ p dx. 
Jo 



dA 



which implies 

Ai = 0, A" 2 = 

An elementary calculation shows 

d 2 



i 1 ~ Jo #( s ) ds ) /J xu 2 x dx + (g o u x )(t) 



f x\u\Pdx 



i 

p-2 



lxO J(Ain)>0 and — — rJ(A 2 u) < 0. 
dA z dA z 



Using (Gl) and Lemma 12.21 we get 



p — 2 

sup J(\u) = J(\2ll) = 

A>o 2p 



J*g(s)dsj /(J xuldx + (g o 



x|n|Pdx 



> 



J x\u\ p dx 



v 

P-2 



> 



P-2 
2p 

= d 1 >0, 

which implies that d(t) > dj.. 

To get (|3.2I) . straightforward computations lead to 

/(A 2 u) 

= f 1 - / 5(*)d«) ^ x (A~ 2 u)' dx + ( 5 o (A" 2 u)J(t) - jf x|A" 2 u|fdx 
1 - So 9(s)dsj So xu l dx +(9° «*)(*) 



2/p 



p-2 I 



V 
p-2 



V 
p-2 



2p \ c 2 /p 



Jq x\u\Pdx 



2 

p-2 



1 - Jo 9(s)dsj J xu 2 x dx +(go u x ){t) 
J x\u\Pdx 



p-2 



1- / #(s)ds / xu x dx + {g o u x )(t) 



x\u\ p dx 
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1 - Io9{s)ds) Jo xuldx+ (go u x )(t) 



p-2 



2 

p-2 



x|u|Ma^ 
(i - Jo 9(s)ds^j /J zu^da; + ( 5 o 

£ ff( s ) ds ) Jo xu l dx + (9° n ^)W 



(3.3) 



which implies that X2U € A/". Also, for any u € N ', we note that 



A2O) 



1 - Jo 9(s)ds ) Jq xu 2 x dx + (go u x ){t) 



1 

p-2 



J x|-u| p dx 

Therefore we have \2{u)u = u for all u € A/ - . Thus we complete the proof. 

Lemma 3.2 Under the same assumptions as in Theorem \2.4\ one has I(u(t)) < and 



di < 



p-2 
2p 



1- g(s)ds) / xu 2 x dx + (g o u x )(t) 



< 



p-2 
~*P~ Jo 



x\u\ p dx, (3.4) 



for all t <E [0, T„ 



Proof. Using (12.6|) and (12.7p . we have E(t) < 5di for all t G [0,T max ). Furthermore, we 
can obtain I(u(t)) < for all £ € [0,T max ). 

In fact, if it is not true, then there exists some to £ [0,T mcu ,) such that /(to) > 0. Since 
1(0) < 0, it follows that there exists some t £ (0,to] such that I(u(t) = 0. Define 



t* = inf U € (0,to] : I 1 - y 9(s)ds J J xu x (t)dx + (g o u x )(t) = J x\u(t)\ p dxj . (3.5) 
Then, we have I(u(t*) = and 

(l - J g(s)ds\ J xu\dx +(go u x ) (t) < J x\u\ p dx, < t < t* . (3.6) 

Next, we consider two cases: 

Case 1 : Suppose that ||it(t*)|||f = 0, using the regularity of u(t), we have 

lim \\u(t)\\ 2 H = 0. 

t— >t*~ 

On the other hand, from (j3.6|) and Lemma 12.21 we obtain 

— / g(s)ds I / xu x dx + (g o u x ) (t) < / x\u\ p dx < C*\\u x < t < t* , 
Jo J Jo Jo 

and ||w(t)||rj 7^ 0, for all t E [0,t*). Therefore we have 



(3.7) 



(3.8) 



lim > 

t— H*~ 



l \ J 3 " 2 

(3± 
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which contradicts to ()3.7|) . 

Case 2 : Suppose that ||it(t*)||# 7^ 0. Applying Lemma [37X1 we see that d(t) is the infimum 
of J(u(t)) over all functions u in J\f and J(u(t*)) > d(t) > di, which contradicts to J(u(t*)) < 
E(t*) < di. Thus, we conclude that J(t) < for all t £ [0,T max ). 

To get (|3.4p . we use (|3.6p . Lemma I3TT1 and the conclusion that I(t) < for all t € [0,T max ) 
and get 



di < 



< 



p-2 



1 - Jo 9(s)ds) J^xuldx + (gou x ){t) (l - / *p(s)ds) /* x«^da; + (g o u^) (i) 



2 

p-2 



2p 

p-2 
2p 



x|ti| p dx 



2 

p-2 



1 - / g(s)ds^j J xu 2 x dx + (g o u x )(t) 



< t < T„ 



(3.9) 



It follows from (ELS) and ((331) that 
p-2 



< di < 



2p 



1 



S>(s)ds / xu x dx + (g o u x ){t) 
/Jo 



0-2 r 

< / x\u\ p dx, 0<t<T„ 

2p Jo 



Thus, we complete the proof. 



Lemma 3.3 (|12j) Let L(t) be a positive C 2 function, which satisfies, for t > 0, the in- 
equality 

L{t)L"(t) - (1 + ()L'(t) 2 > 
with some ( > 0. If L(0) > and L'(0) > ; i/ien i/iere exists a £ime T* < ^T^ol suc ^ 

lim L(t) = cc. 

t->T*- 



Proof of Theorem 12.41 Assume by contradiction that the solution u is global. Then, 
we consider L : [0, T] — > M + defined by 

,>£ ft ft pi 

L(t)= / xu 2 dx + a / xu 2 dxds + a(T - t) xu 2 dx + b(t + T ) 2 , (3.10) 
Jo Jo Jo Jo 

where T, h and Tq are positive constants to be chosen later. Then L(0) > 0. Furthermore, 



L'(t) = 2 1 xuu t dx + a x(u 2 - ufydx + 2b(t + T ) 
Jo Jo 

pi rt el 

= 2 xuu t dx-\-2a / / xuu s dxds + 2b(t + To), 
Jo Jo Jo 



(3.11) 



and, consequently, 



pi i-i i-i 

L"(t) = 2 xuu tt dx + 2 xu 2 dx + 2a I xuu t dx + 26 
Jo Jo Jo 
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for almost every t £ [0, T]. Testing the equation (jl.ip with xu and plugging the result into the 
expression of L"(t), we obtain 



L"{t) 



2 / xutdx + 2 



ff 

'0 J 



g(t — s)xu x (x, t)u x (x, s)dsdx 

pi pi p£ pi 

2a / xuutdx + 2 / x|u| p dx + 2 / xu 2 dx + 2a xuutdx + 26 
./o Jo Jo Jo 



r 

I xu 2 
Jo 



dx- 1 



<?(s)ds I / x-u 2 dx 



g(i — s)xu x (x, t) (u x (x, t) — u x (x, s)) dsdx + / x\u\ p dx + b 



o Jo 



for almost every i € [0, T]. Therefore, we get 



L(t)L"(t) 



P -^L'{tf =2L(t) 



J xu 2 dx — ^1 — J g(s) ds^j J xu 2 dx 



t ,-t 




g(t — s)xu x (x, t) (u x (x, t) — u x (x, s)) dsdx 



o Jo 



+ / x\u\ p dx + b 
Jo 



+ b + 2) 



r)(t) - L(t) - a 



(T — t) J xu^dx 



xu t dx + a I I xu s dxds + b 
Jo Jo 



where 
rj(t) 



/■* r \ ( r /■* r \ 

xu 2 dx + a / xu 2 dxds + b(t + To) 2 ) I / xufdx + a / xu 2 dxds + b I 
Jo Jo J \Jo Jo Jo J 

pi I" 1 f e 1 2 

/ xuu t dx + a / xuu s dxds + b(t + To) 
Jo Jo Jo 

Using Schwarz's inequality, we can easily get rj(t) > for every t G [0,T]. As a consequence, 
we reach the following differential inequality 

L{t)L"{t) - V -^L\tf > L(t)$(t), a.e. t € [0,T], 

where $ : [0, T] i— > M+ is the map defined by 

pi / pt \ /•£ /-i 

5>(i) = — p / xu 2 dx — 2 I 1 — / g(s)ds J / xu 2 dx — a(p + 2) / / xu 2 dxds 
Jo \ Jo J Jo Jo Jo 



(3.12) 



ff 

'0 ■/ 



#(t — s)xu x (x, t) (u x (x, t) — u x (x, s)) dsdx + 2 / x|u| p dx — pb 

Jo 

2pE(t) +p(gou x )(t) + (p- 2) ( 1_ y 9( s ) ds ^j J xu 2 x dx-pb 




t rl 



g(t — s)xu x (x, t) (u x (x, t) — u x (x, s)) dsdx — a(p + 2) 



o JO 




xu^dxds. 



o J o 
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By (|2.6p . for all t € [0, T] we may also write 

<S>(t)>-2pE(0)+p(gou x )(t) + (p-2) (l - g(s)ds^J J xu 2 x dx - pb 

-2 / g(t - s)xu x {x,t)(u x (x,t) -u x (x,s))dsdx 
Jo Jo 

ft r t 



+ a(p — 2) / / xu 2 s dxds. 
Jo Jo 



(3.13) 



'o Jo 

By using Young's inequality, we have 

«l r-t 



<- 



2 / g(t - s)xu x (x,t) (u x (x,t) - u x (x,s))dsdx 
Jo Jo 

1 « 



£ 







#(s) / xu 2 dsdx + e{g ou x ){t), 



(3.14) 



o 



for any e > 0. Substituting (|3.14p for the fifth term of the right hand side of (|3.13j) . we obtain 



*(t) > - 2p£(0) + 



(p - 2) - (p - 2 + jf <?( S )ds x^dx 



+ (p - e)(^ o «»,)(*) + a(p- 2) 



xn^dxds — pb. 



(3.15) 



o jo 



If 5 < 0, i.e., £7(0) < 0, we choose e = p in ()3. 15|) and b small enough such that b < — 2£7(0). 
Together with (|2.8p . we obtain 



$(i)> 



(p — 2) — f p — 2 -\ — ) / g(s)ds / xuidx + a(p — 2) / / xu^dxds 
V W Jo J Jo Jo Jo 



+ p(-2E{0)-b) 



(p — 2) — ( p — 2 H — ] / <?(s)ds / ra^dx + a(p — 2) / / xu 2 s dxds 
V P/ Jo \ Jo Jo Jo 

>a(p — 2) / / xu^dxds 
io Jo 



>0. 



(3.16) 



If < <5 < 1, i.e., £7(0) < tfdi, we choose e = (1 - ff)p + 25 and 6 = 2(<tai - £7(0)) > in 
(|3.15p . Then we get 



$(*)>- 2p5di + 



(p _ 2 ) - [p - 2 + 



1 



(l-£)p + 25y Jo 
t /-^ 

+ 6{p - 2)(g o u x ){t) + a(p - 2) / / xu^dxds 




o •/ o 



By (HSJ), we have 

(P - 2) - ( p - 2 + 



^_)^ W d.>5(p-2)(l-^ W d. 



and therefore, by f|3.4[) and, (|2.7p we get 
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$(t) > - 2p5di +5{p-2 

+ a(p — 2) / xu 2 s dxd 
Jo Jo 



g(s)ds) / xuldx + (g ou x )(t) 
o J Jo 



s 

t 



>2p (8di -5d x ) + a{p - 2) f f xu 2 s dxds 

Jo Jo 

>0. (3.17) 
Therefore, combining (j3. 12[) . ()3.16p . and ()3.17|) . we arrive at 

L{t)L"{t) - V -^L\tf > 0, a.e. te[0,T\. 

Let To be any number which depends only on p, b, J xuldx and J xufdx as 

(p - 2 + 4a) Jo xuldx + (p - 2) raf dx 

which fulfills the requirement of 

ri 

L'(0) = 2 / xtio-uidx + 26T > 0. 

Then using Lemma |3, 3\ we obtain that L(t) goes to oo as t tends to some T* satisfying 

rp* < 4L(0) = 2(l + aT)/Jx^dx + 26T 2 ^ 
- (p - 2)1/(0) (p _ 2) xu «idx + (p - 2)oT ' 



Finally, for fixed To, we choose T as 



4( \* xu 2 dx + bT% 



T > i , , . (3.19) 

2{p - 2)bT - (p - 2 + 4a) J xugdx - (p - 2) /* xufdx 

Combing (|3.18p and ()3.19|) . we get T > T* and this contradicts to our assumption, which 
finishes our proof. 



Remark 6 We can see that, when a = 0, Wu }31f established blow-up results under some 
restrictions on J xuouidx, which are no more needed in this paper. In fact, we use the the 
potential well theory and the modified convexity method, which is different from that in Wu 



4 Decay of solutions 

In this section we prove our decay result. For this purpose, we need the following lemmas. 

Lemma 4.1 ( |20t Lemma 4.1]) Under the same assumption as in Theorem \2.6\ one has 
I{u(t)) >0for allte [0,T max ). 
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Proof of Theorem 12.51 We can refer to PS Lemma 4.2]. 
Next, we use the following "modified" functional 

F(t) := E(t) + e 1 y(t) + e 2X (t), 
where £\ and £2 are positive constants and 

ty(t) = [ xu t udx, 



X(t) = / xu t \ g(t - s)(u(t) - u(s))dsdx. 

Jo Jo 

Lemma 4.2 For e\ and £ 2 small enough, we have 

ai F{t) < E(t) < a 2 F(t) 
holds for two positive constants a\ and ct 2 ■ 
Proof. Straightforward computations lead to 

F(t) =E(t) +£\£{t) / xu t udx - e 2 £(t) / xu t I g(t - s) (u(t) - u(s)) dsdx 



<E(t) + ^(t) [ xu 2 t dx + ^f(t) [ xu 2 dx + ^f(t) [ xu 2 t dx 
* Jo * Jo * Jo 

+ j£(t) f x (J* g(t - s) (u(t) - «(«)) da) dx 

<E(t) + f xu 2 dx + §£(t) [ xu 2 dx + f xu\dx 
" Jo L Jo " Jo 



£2 



JO 



+ x 9{s)ds g(t - s) (u(t) - u{s)Y dsdx 



<E(t) + (£l+ 2 £2)e(t) jf xu 2 dx + I xu 2 x dx 

+ f (1 - 0£(t) f f zg(t - s) (u(t) - u(s)) 2 dsdx 
1 Jo Jo 



10 Jo 

< E {t) + (£l+ ! 2K(t) f xu 2 dx + f xu 2 x dx + §(1 - l)C p Z(t)(g o 



(4.1) 

(4.2) 
(4.3) 

(4.4) 



<-E(t), 
and in the same way, we get 



F(t) >E(t) 



xu t dx 



C v £\ 



£2 



£(t) / x<dx-^(l-Z)C^(t)( 5 o Ux )(t) 



> 



1 (ei+£ 2 )e(*) 



xn^dx + — I 



1 , C p £\ 



xu 2 .dx 



+ 



1 f l 

(gou x )(t) / x\u\ p dx 

V Jo 



>—E(t), 
a 2 
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for E\ and £2 small enough. 

Lemma 4.3 ([HI Lemma 4.5]) Let v £ L°°((0, T);H),v x G L°°((0,T);F) and g fc a 

continuous function on [0, T] and suppose that < r < 1 and r > 0. T/ien f/iere exists a 

constant C > siic/z f/iaf 
ft 

ff(t - s)\\v x (-,t) - v x {-,s)\\ 2 H ds 



r — 1+T 



<C\ sup \\v{;s)r H / g L - T (s)ds) / ^(t- s )||^(.,t)-^(., s )||^d S 

\0<s<T JO / \Jo 

Lemma 4.4 ([201 Lemma 4.6]) Let v € L°°((0,T); H),v x e L°°((0,T);#) and 5 6e a 
continuous function on [0, T] and suppose that r > 0. TTien i/iere exists a constant C > suc/i 

- s)|K(-,i) - w a; (-,s)||^ds 



t — t 

J \\v x (;8)f H ds) r (J 9 r (t-s)\\v x (;t)-V x (;s)f H ds 



^('l 'II'M--0IIh 



Lemma 4.5 Assume that 2 < p < 3 and that (Gl), (G2) and (|2.5p /10/d. T/ien i/te 
functional ^(t), defined by fj4.2 j) . satisfies 

m < (1 + ^ + -?dx - e(t) ^ xn 2 dx 

+ ( fg^'^ds) (g r o Ux )(t) (4-5) 



/or aZZ a, /3 > 0. 

Proof. By using the differential equation in (jl.ip . we easily see that 

pi pi pi 

\Jf'(t)=£(t) / xu 2 t dx + £{t) I xuuudx + £'(£) / xuu t dx 
Jo Jo Jo 

nt f-e pi pi 

=£(t) / xu 2 t dx-£{t) / xu 2 x dx + £(t) / x|u| p dx — a£(t) / xuutdx 
Jo Jo Jo Jo 

pi i-t pi 

+ £(t) / xu x \ g(t — s)u x (x,s)dsdx + £'(t) / xuutdx. (4.6) 
Jo 7o 

By Young's inequality, (Gl), (G2), Lemma [2.11 and direct calculations, we arrive at (see 

£(t) / xu x I g(t - s)u x (x,s)dsdx 
Jo Jo 

<^txu 2 dx + ^ 



2 .L x 2 



g(t - s) (\u x (s) - u x (t)\ + \u x (t)\) ds 



dx 



<MJ^ xu 2 x dx + M(l + n)(l - I) 2 J* xu 2 x dx 



+ o ( 1 + - ) y r^ r (s)ds y^ y o x 5 r (t - s )\ Ux ( s ) - Ux (t)\ 2 d S dx (4.7) 
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for any r\ > 0. We also have 

XUUtU-X \ 

'0 

and 



?(t) [ xuutdx < ^ |^ (c„a ( xu 2 x dx + - I xu 2 t dx] , V a > 0, (4.8) 
Jo 2 V Jo a Jo J 



f a{3C f a f 

— a£(t) / xuutdx < — r-^C(i) / xu x dx + — £(t) / xufdx. 
Jo 2 Jo 2p J 

Combining (|4.6p - (|4.9p . we arrive at 

" i 1 + Ya + W) m Io Xu2tdX " ^ t 1 " + ^ " l f ~ aC vP ~ <* C p L ] f 



(4.9) 



xu x dx 



1 

1 + - 



2 V r)j \ Jo 
By choosing n = j^, ()4.5p is established. 

Lemma 4.6 Assume 2 < p < 3 and that (Gl), (G2) and (|2,5p ZioW. XTten £/ie functional 
x(t), defined by (|4.3p . satisfies 



X(t) [l + C* + 2(1 - 2 ] /' x^dx 

J o 



+ 



- / g(s)ds + a6 + 9L f xufdx 
Jo J Jo 

C p + (a + L)C P 



2S + M + 



40 



<(/)( / 9 2 ~ r (s)ds) (r/c .,,,.,(/) 



^(^(0)(9'o«x)(t), 



(4.10) 



/or a// 6> > 0. 



Proof. Direct calculations give 



x'(*) =£(*) J xu x (t) (J g(t - s)(u x {t) - u x (s))ds^j dx 



-£(t) J x (J g(t - s)(u x (t) - u x (s))ds\ (^J g(t - s)u x (s)^j dx 

x\u\ p ' 2 u(^j g(t-s)(u(t) -u(s))ds\ dx 

-£(*) ( xu t [ g'(t - s)(u(t) - u(s))dsdx 
Jo Jo 

+ a£(t) / xu t / g(t — s)(u(t) — u(s))dsdx 
Jo Jo 

— / xu 2 I g(t — s)dsdx — (t) / xut / g(t — s)(u(t) — u(s))dsdx. 
Jo Jo Jo Jo 



(4.11) 
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We now estimate the right hand side of (|4.1ip . For > 0, similar as in [20J, we have the 
estimates of the first to the fourth terms. 
The first term 

£{t) J xu x (t) (^j g(t - s)(u x (t) - u x (s))ds\ dx 
1 / /■* 



<em J xu 2 x dx + -m U g 2 - r (s)ds ) (g r o u x )(t). 



The second term 



€{t) J x (/ 9{t - s){u x (t) - u x (s))ds^J (^j g(t - s)u x {s) ) d.r 



<20(1 - 2 e(t) ^ ^'dx + ^20 + 1) (Y . 



g 2 - r (s)ds)(g r ou x )(t). 



The third term 



f(t)jf x\u\ p - 2 uN g(t - s)(u{t) - u(s))ds)\ dx 
<6C*m f^uldx + m^ fyf\ 2 - r {s)ds^ (g r o Ux )(t), 



where C* = ^ f ^^£(0) J . The fourth term 



p-2 



-£(*)/ xu t g'(t - s)(u(t) - u(s))dsdx 
Jo Jo 

<0£(*) J xu 2 t dx - 9 -^-C p m {g o n x .) (i). 
For the fifth term, by Young's inequality and Lemma 12.31 we have 

a£(t) / xut / g(t — s)(u(t) — u(s))dsdx 
Jo Jo 

rl 



< a em [xu 2 dx+^-at) (f Q 9 2 - r { 



(s)ds (g r o Ux )(t). 



For the seventh term 



(4.12) 



(4.13) 



(4.14) 



(4.15) 



(4.16) 



[ xu t [ g(t - s)(u(t) - u(s))dsdx 
Jo Jo 

rt 



[* jf xu 2 dx+^ (jT^Wd-) (/o^)(t) 
<9Lm J ^dx+^tit) (j\ 2 - r {s)d^ (g r ou x )(t). 
A combination of ([4"3T|) - (|4Tfll yields (|4TT0|) . 



(4.17) 
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Proof of Theorem 12.61 Since g is continuous and g(0) > 0, then for any to > 0, we have 

I g(s)ds> I ° g(s)ds := g , V t > t . (4.18) 
Jo Jo 

By using (H^J), (g3]), (jlTTOD and KTE\i . we obtain 
F'(t) =E'(t) + e 1 y'(t) + e 2 x'(t) 

i i r e f e 

=- (sf o Ux ) (t) - -g(t) / xu 2 x dx - a / xu 2 t dx + e^\t) + e 2 x'(t) 
1 1 Jo Jo 

< - a - ei (l + ^ + C(t) + e 2 m (g - 9(1 + L) - ad) j xu 2 t dx 

+ e^(t) j\\u\^dx+ I-^Mc7 p5 (0) (g'o Ux )(t) 

- |y (I - afiCp - aC p L) - e 2 9 [(1 + C* + 2(1 - I) 2 ] W) xu^dx 

C p + (a + L)C P 



+ 



< 





" 1 


§ +£2 


20 


a 







+ 29 + 



49 



2, 



/ xu t dx 
o 



e 1 at)J^H P dx+ i-^(0) (</°<)(t) 

jy (Z - a/3Cp - aC p L) - e 2 9 [(I + C* + 2(1 - I) 2 ] J.£(i) xu^dx 
C p + (a + L)C P 



+ <S +£2 



20 



+ 29 + 



49 



since < f (t) < £(0) . 

When a > 0, we choose a and /3 so small that 



I — afiCp — aCpL > - 



e(t)( / ^- r Wda)(/o (4.19) 



and then choose small enough satisfying 



k 2 = -^- e 2 9 [(1 + C* + 2(1 - I) 2 } > 0. 



(4.20) 



As far as a, (3 and 9 are fixed, we then pick e\ and e 2 so small that (|4.4p and (|4.20p remain 
valid and 

fci 



^y-si (l + ^ + |) + e 2 ( 5 o-^(l + L)-a0)>O, 



1 £ 2 C P g(0) /ei 



1 nfl C p + (a + L)C P 
^ + 20 + 40 



5 2 - r ( S )d S ) }> >0. 



Therefore, using the assumption g'(t) < —(,(t)g r (t) in (G2), we have, for some a > 0, 



F'(t) < 



xufdx 



x|it| p dx + / xu 2 dx + (g r o u x )(t) 
o Jo 



V i > t . 



(4.21) 
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When a = 0, we choose 9, a so small that go — (1 + L)9 > \go, I — aC p L > |, and 

4 #[l + C7* + 2(l-/) 2 ] 50 



I 2 + ^' 

Whence 9 and a are fixed, the choice of E\ and £2 satisfying 

46 [l + g * + 2 (l-/) 2 ] 5o£2 

1 £2<£1< 2T^ 

1 a 

will make 

fci = -ex (\ + ^) £(0) + e 2 ^(0) (go - 9(1 + L)) > 0, (4.22) 

fca = £i (i - aC p L) - e 2 fl [(1 + C* + 2(1 - I) 2 } > 0. (4.23) 
We then pick e\ and £2 so small that (|4.4p . (|4.22p and (|4.23p remain valid and 



1 e 2 C p g(0) Jei 



1 + 20+^ + ^ 



2(9 4(9 



^ 5 2-r (s)d ^| >Q 



We can still get K2H . 

Next, as (|4.2ip is proved, we will give the following two cases according to the different 
ranges of r: 

Case 1. r = 1. 

By virtue of the choice of e±, £ 2 and 9, we estimate (|4.21j) and obtain, for some constant 
a > 0, 

F'(t) < -a£(t)E(t), V t > to. (4.24) 
Hence, with the help of the left hand side inequality in (|4.4p and (|4.24p . we find 

F'(t) < -aa^(t)F(t), V t > t . (4.25) 

A simple integration of (|4.25p over (to , t) leads to 

F(t) <F(t )e~ (aQl)/ 'o e(s)ds , Vt>t . (4.26) 

Therefore, (|2.1ip is established by virtue of (|4.4p again. 
Case 2. 1 < r < |. 
By using (|2.ip we get 

^-^(r-l) f e( S )ds + < 7 (i ) 1 - r . 



'to 

For V < t < 1, we further have 



/■oo /»c 

/ ^OOda < / 
J0 ■/ 



— da. 



[(r-l)j; o Z(s)ds + g(toy-r] — 
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For 0<r<2 — r < 1, we have j^j > 1. And using the fact that f Q °° £(s)ds = +00, we 
obtain 

poo 

/ g 1 ~ T (s)ds <oo, V0<T<2-r. 
j 

So Lemma [43] and ([2~10jl yield 



(gou x )(t)<C(E(0) J g 1 - T (s)ds 



W O U a ) r-l+r < C (/ O Ux ) r-l+T 

for some positive constant C. Therefore, for any r\ > 1, we arrive at 



£ ri (f) ^CE 7 " 1-1 ^) ^ xu 2 t dx- x\u\ p dx + xu 2 x dx^j + C (g o Ux ) ri 

<CE ri ~ 1 (0) (J xu 2 t dx - J x\u\ v dx + J xu 2 x dx\ + C (g r o u x )^& . (4.27) 
By choosing r = | and ri = 2r — 1 (hence r ^ r [j | _ r = 1), estimate (|4.27p gives, for some T > 0, 



E ri (t) < r 

'0 ./o 
By combining (|4.4|) . (|4.21|) and (|4.28|) . we obtain 



xufdx — / x|w| p dx+ / xu x dx + (g r o u x ) (t) 



A simple integration of (|4.29p leads to 



F(t) < Ci ( 1 + ^ £(s)ds 



Therefore, 



/•oo 
Jt 



<Ci 



— dt. 



Since j- > 1 and 1 + j t £(s)ds — > +00 as £ — > +00, we get 



roo 

/ F(i)di < 00. 

Jto 



In addition, by using (|2.2[) we have 

fcF(t) < 



Cit 



1 ^ Cr- 



Therefore, we obtain 



suptF(i) < +00. 

t>t 



(4.28) 



(4.29) 



(4.30) 



(4.31) 



(4.32) 
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Since E(t) is bounded, we use (|PJ) , (JOT) and to get 

poo 

/ F(i)dt + sup£F(i) < oo. 
Jo t>o 

Then, by using (|2.1(jp and Lemma 14.41 we have 



(g°u x )(t) <C 2 (t\\u x (;t)\\ 2 H + f Q \\M;s)\\ 2 H ds 

t — 
<C 2 (tF(t) + J F(s)ds) r (g r o Ux )^ 

<C 3 (g r ou x )~ , 



which implies that 

(g r ° Ux) (t) > C A {g o u x ) r , 

for some constant C4 > 0. 

Consequently, a combination of (|4.2ip and (|4.33p yields 



g r (t - s)\\u x (-,t) - u x (-,s)f H ds 



(4.33) 



F'(t) < -C 5 £(t) 



pt pt rl 

I xufdx — / x|«| p da; + / xu x dx + (g o u a 
Jo Jo Jo 



V t > t , 



for some constant C5 > 0. 

On the other hand, as in [I], we can get 



E r (t) < C 6 



pi p£ rl 

I xufdx — / x|n| p dx + / xu 2 x dx + (g o u x ) 7 
Jo Jo Jo 



for all t > and some constant Cq > 0. Combining the last two inequalities and (|4.4p . we 
obtain 

F'(t) < -C 7 Z(t)F r (t), Vt>t (4.34) 



F(t) < C 8 ( 1 + / as)ds 
J t 



for some constant C7 > 0. A simple integration of (|4.34j) over (to,t) gives 

1 

■-1 

V t > t . 

Therefore, (|2.1ip is obtained by virtue of (|4.4p again. 
Acknowledgments 

This work was partly supported by the Tianyuan Fund of Mathematics (Grant No. 11026211), 
the Natural Science Foundation of the Jiangsu Higher Education Institutions (Grant No. 
09KJB110005) and the JSPS Innovation Program (Grant No. CXLX12_0490). 



20 



References 

[1] S. Berrimi and S. A. Messaoudi, Existence and decay of solutions of a viscoelastic equation 
with a nonlinear source, Nonlinear Anal. 64 (2006), no. 10, 2314-2331. 

[2] S. Berrimi and S. A. Messaoudi, Exponential decay of solutions to a viscoelastic equation 
with nonlinear localized damping, Electron. J. Differential Equations 2004, no. 88, 10 pp. 
(electronic) . 

[3] A. Bouziani, Mixed problem with boundary integral conditions for a certain parabolic 
equation, J. Appl. Math. Stochastic Anal. 9 (1996), no. 3, 323-330. 

[4] B. Cahlon, D. M. Kulkarni and P. Shi, Stepwise stability for the heat equation with a 
nonlocal constraint, SIAM J. Numer. Anal. 32 (1995), no. 2, 571-593. 

[5] J. R. Cannon, The solution of the heat equation subject to the specification of energy, 
Quart. Appl. Math. 21 (1963), 155-160. 

[6] M. M. Cavalcanti, V. N. Domingos Cavalcanti and J. A. Soriano, Exponential decay for 
the solution of semilinear viscoelastic wave equations with localized damping, Electron. 
J. Differential Equations 2002, no. 44, 14 pp. (electronic). 

[7] M. M. Cavalcanti and H. P. Oquendo, Frictional versus viscoelastic damping in a semilinear 
wave equation, SIAM J. Control Optim. 42 (2003), no. 4, 1310-1324 (electronic). 

[8] Y. S. Choi and K.-Y. Chan, A parabolic equation with nonlocal boundary conditions 
arising from electrochemistry, Nonlinear Anal. 18 (1992), no. 4, 317-331. 

[9] R. E. Ewing and T. Lin, A class of parameter estimation techniques for fluid flow in porous 
media, Adv. in Water Res. 14 (1991), no. 2, 89-97. 

[10] N. I. Ionkin, The solution of a certain boundary value problem of the theory of heat 
conduction with a nonclassical boundary condition, Differencial Uravnenija 13 (1977), 
no. 2, 294-304, 381. 

[11] L. I. Kamynin, A boundary-value problem in the theory of heat conduction with non- 
classical boundary conditions, Z. Vycisl. Mat. i Mat. Fiz. 4 (1964), 1006-1024. 

[12] H. A. Levine, Some nonexistence and instability theorems for solutions of formally 
parabolic equations of the form Pu t = —Au + T{u), Arch. Rational Mech. Anal. 51 
(1973), 371-386. 

[13] W. J. Liu, Global existence, asymptotic behavior and blow-up of solutions for a viscoelastic 
equation with strong damping and nonlinear source, Topol. Methods Nonlinear Anal. 36 
(2010), no. 1, 153-178. 



21 



[14] W. J. Liu and J. Yu, On decay and blow-up of the solution for a viscoelastic wave equation 
with boundary damping and source terms, Nonlinear Anal. 74 (2011), no. 6, 2175-2190. 

[15] H. Mecheri, S. Mesloub and S. A. Messaoudi, On solutions of a singular viscoelastic 
equation with an integral condition, Georgian Math. J. 16 (2009), no. 4, 761-778. 

[16] S. Mesloub and A. Bouziani, On a class of singular hyperbolic equation with a weighted 
integral condition, Int. J. Math. Math. Sci. 22 (1999), no. 3, 511-519. 

[17] S. Mesloub and F. Mesloub, Solvability of a mixed nonlocal problem for a nonlinear 
singular viscoelastic equation, Acta Appl. Math. 110 (2010), no. 1, 109-129. 

[18] S. Mesloub and S. A. Messaoudi, A three-point boundary-value problem for a hyperbolic 
equation with a non-local condition, Electron. J. Differential Equations 2002, No. 62, 13 
pp. (electronic). 

[19] S. Mesloub and S. A. Messaoudi, A nonlocal mixed semilinear problem for second-order 
hyperbolic equations, Electron. J. Differential Equations 2003, No. 30, 17 pp. (electronic). 

[20] S. Mesloub and S. A. Messaoudi, Global existence, decay, and blow up of solutions of a 
singular nonlocal viscoelastic problem, Acta Appl. Math. 110 (2010), no. 2, 705-724. 

[21] S. A. Messaoudi, Blow up and global existence in a nonlinear viscoelastic wave equation, 
Math. Nachr. 260 (2003), 58-66. 

[22] S. A. Messaoudi, Blow-up of positive- initial-energy solutions of a nonlinear viscoelastic 
hyperbolic equation, J. Math. Anal. Appl. 320 (2006), no. 2, 902-915. 

[23] S. A. Messaoudi, General decay of the solution energy in a viscoelastic equation with a 
nonlinear source, Nonlinear Anal. 69 (2008), no. 8, 2589-2598. 

[24] S. A. Messaoudi and M. I. Mustafa, On the control of solutions of viscoelastic equations 
with boundary feedback, Nonlinear Anal. Real World Appl. 10 (2009), no. 5, 3132-3140. 

[25] S. A. Messaoudi and N.-E. Tatar, Global existence and asymptotic behavior for a nonlinear 
viscoelastic problem, Math. Sci. Res. J. 7 (2003), no. 4, 136-149. 

[26] L. S. Pulkina, A non-local problem with integral conditions for hyperbolic equations, 
Electron. J. Differential Equations 1999, no. 45, 6 pp. (electronic). 

[27] A. A. Samarskii, Some problems of the theory of differential equations, Differentsial Urav- 
neniya 16 (1980), no. 11, 1925-1935, 2107. 

[28] P. Shi and M. Shillor, On design of contact patterns in one-dimensional thermoelasticity, 
in Theoretical aspects of industrial design (Wright-Patterson Air Force Base, OH, 1990), 
76-82, SIAM, Philadelphia, PA. 



22 



[29] F. Q. Sun and M. X. Wang, Global and blow-up solutions for a system of nonlinear 
hyperbolic equations with dissipative terms, Nonlinear Anal. 64 (2006), 739-761. 

[30] F. Tahamtani and M. Shahrouzi, Existence and blow up of solutions to a Petrovsky 
equation with memory and nonlinear source term, Boundary Value Problems 2012 (2012), 
no. 50, 1-15. 

[31] S. Wu, Blow-up of solutions for a singular nonlocal viscoelastic equation, J. Partial Differ. 
Equ. 24 (2011), no. 2, 140-149. 

[32] S. Q. Yu, Polynomial stability of solutions for a system of non-linear viscoelastic equations, 
Appl. Anal. 88 (2009), no. 7, 1039-1051. 

[33] Z. Zhang et al., A note on decay properties for the solutions of a class of partial differential 
equation with memory, J. Appl. Math. Comput. 37 (2011), no. 1-2, 85-102. 

[34] Y. Zhou, Global existence and nonexistence for a nonlinear wave equation with damping 
and source terms, Math. Nachr. 278 (2005), no. 11, 1341-1358. 



23 



